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Abstract. We consider a piecewisc analytic expanding map / : [0, 1] — > [0, 1] of degree d which preserves 
orientation, and an analytic positive potential g : [0, 1] — >■ M. 

We address the analysis of the following problem: for a given analytic potential /3 logg, where /3 is a 
real constant, it is well known that there exists a real analytic eigenfunction tp/l for the Ruelle operator. 
One can ask: what happen with the function (pp, when /3 goes to infinity? The domain of analyticity 
can change with /3. The correct question should be: is ^ log0^ analytic in the limit, when /3 — > oo? 
Under a uniqueness assumption, this limit, when f3 — > oo, is in fact a calibrated subaction V. 



and fioc, any probability which attains the maximum value. Any one of these probabilities iicx> is 
called a maximizing probability for logg. The probability ^oo is the limit of the Gibbs states fifj, for 
the potentials /3 log g. In this sense one case say that fiac corresponds to the Statistical Mechanics at 
temperature zero. 

We show that when fiac is unique, has support in a periodic orbit, the analytic function g is generic 
and satisfies the twist condition, then the calibrated sub-action V : [0, 1] — > R for the potential logg is 
piecewise analytic. We assume the twist condition only in some of the proofs we present here. 

An interesting case where the theory can be applied is when logg(a;) = — log/'(x). In this case we 
relate the involution kernel to the so called scaling function. 
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Denote 



»"(logg) = 



max 

an invariant probability for / 




0. INTRODUCTION 



We consider a piccewisc analytic expanding map / : [0, 1] — > [0, 1] of degree d which preserves orien- 
tation and an analytic positive potential g : [0, 1] — >■ M. Here analytic means to have a complex analytic 
extension to a neighborhood of [0, 1] in the complex plane. 

We denote 

m(log5i) = max / \ogg{x) dv{x), 

u an invariant probability for / J 

and /^oo (or, /^oo logg) a-ny probability which attains the maximum value. Any one of these probabilities 
jjLoo is called a maximizing probability for log g. 

In general these probabilities are not positive in open sets [5] . 

We refer the reader to [2D| [10] [H] EH] [H] ED E and [HI for general references and definitions on 
Ergodic Optimization. 

We show the existence of W{w,x), an analytic involution kernel for A{x) ~ \ogg{x), and a relation 
with the dual potential A*{w) = {\ogg)*{w) defined in the Bernoulli space In this case 

W : {1, X [0, 1] — 7- R and by analytic we mean: for each w € {1, d}^ fixed, the function W{w, .) 
has a complex analytic extension to a neighborhood of [0, 1]. We refer the reader to [T] [21] for definitions 
and properties related to the involution kernel. 

An interesting case where the theory can be applied is when logg{x) = ~\og f (x). In this case we 
relate the involution kernel to the so called scaling function [TS] f26| . 

By definition, a calibrated subaction for logg is a function V such that 

sup {V{y) + \ogg{y) - m(logg)} = V{x). 

y such that f{y) — x 

If the maximizing probability is unique the calibrated subaction is unique, up to an additive constant 
[3] (Lemme C) or [T] (Proposition 5). 

If we denote 4)p (with the normalization J (fjpdvp = 1, where is the eigen-probability, associated 
to the same eigenvalue as (j)fj, of the dual of the Ruelle operator associated to [3 A = (3logg) the main 
eigenfunction of the Ruelle operator for the potential /3\ogg, it is known (theorem 29 in [S]) that for any 
convergent (uniform convergence) subsequence of -g log (ftp we have that the limit is a calibrated subaction. 
Under our hypothesis of uniqueness we have that the sequence ^log(/)^, when /3 — > oo, converges to a 
calibrated subaction. 

Note that, in the general case, not always the Gibbs invariant probability /x^, for /3log{g), will converge 
to a unique (maximizing) probability when /3 — )■ oo [?]■ This happens if the maximizing probability is 
unique. 

Using the above results we show that under some conditions, when fiao is unique, has support in a 
periodic orbit and log g is twist, then there exists a piecewise analytic calibrated sub- action (denoted by 
V : [0, 1] — > M) for the potential \ogg. Our main result is Theorem 6.2. We will also show that the above 
conditions are generic on the analytic potential g. Explicit examples of piecewise analytic subactions 
(which are not analytic) for analytic potentials are presented in [1] and [Mj . 

The ergodic optimization setting has a main difference to the twist maps theory |13j or to the La- 
grangian Aubry-Mather problem [57] [5] [T^] [55]: the dynamics of the shift (or the transformation /) is 
not defined (via a critical path problem) from the potential A to be maximized. Sometimes the analogous 
statements in each theory have to be proved under different techniques. A basic tool in Aubry-Mather 
theory is the assumption: the Lagrangian is convex on the velocity v. Without this hypothesis the Mather 
graph theorem (see [8]) is not true, etc.... In Ergodic Optimization a natural assumption, which in some 
sense play the role of convexity, is the twist condition on the involution kernel (it is a condition that 
depends just on A). Here we will assume this hypothesis which was first considered in this context in 
[55] and [23]. Examples of potentials A such that the corresponding involution kernel satisfies the twist 
condition appear there. The twist condition is an open property in the variation of the analytic potential 
A = \ogg defined in a fixed open complex neighborhood of the interval [0, 1]. We assume / preserves 
orientation in order it can exist potentials A = log g which satisfy the twist condition (see [25 ) . We point 
out that we do not need this hypothesis for the results of all sections from 2 to 5. In the case / reverse 



orientation, a similar reasoning can be applied, but we have to consider another dynamics (not the shift) 
on the dual space S. The proof requires a lot of different technicalities and we avoid to consider this case 
(we address the question to [M])- 

The main idea of the proof in a short is the following: denote by /* the deviation function of the family 
of Gibbs probabilities ^pA* which converges to ^ooA* (the maximizing probability for A*, see [T]), and 
V* the calibrated subaction for A* . From our assumptions the maximizing probability /iooA* is supported 
in a periodic orbit where /* is zero. Note, however, that /* could be also zero outside this support. 

We show in section 5 and 6 that 

V{x) = sup [ W{w, x) - V* (u>) - /* (w) ] . 

Therefore, for each x there exists Wx such that 

V{x) = sup [W{w,x) - V*{w) - r{w)] = 

Vix) = [Wiw^,x) - V*iwx) - r{wx)]. 
For each fixed w wc proved in sections 4 and 5 that W{w,x) is analytic in x. 

As for a fixed Wx, W{wx,x) is analytic on x (sec corollary 5.2), a result on picccwisc analyticity of V 
can be obtained if we are able to assume conditions to assure that Wx is a locally constant as a function 
of X. 

We need two nice conditions for getting that: 1) the set of w such that I*{w) < K, for any given 
constant K is a finite set. 

If this is true, the possible number of Wx is finite. 

This is so because W{w,x) is bounded in E and V*{w) is bounded in E. Then points w with a large 
value of / can not be a maximizing Wx (otherwise, take Wx in the periodic maximizing probability where 
/ is zero). Note that J is a non-negative lower semi-continuous function (that can attain the value oo). 

Condition 1) above will follow if /* is strictly positive on the pre-images of the support of fi^* (here 
we have to use a generic condition on A, not on A*, which is much more easier). 

To show this statement is the purpose of section 7 and 8 (see theorem 8.1). 

2) For the lexicographic order in E the function x — )■ Wx is monotonous (here we have to use a twist 
condition for W, which is a condition to be checked just on A). This is proved in section 6. 

Therefore, values Wx can not change up and down when we move a; in a monotonous way. From the 
above we get that Wx is locally constant as a function of x and so V is pieccwise analytic. 

The proof above is very indirect. Some problems in mathematics arc of such kind: you have a primal 
problem that you are not able to solve, then you take the dual problem, and somehow, you solve the 
initial problem. 

In section 1 we present basic definitions and in section 2 we show the existence of a certain function 
hw{x) = h^WjX) which defines by means of log{h{w,x)) an involution kernel for logg. In section 3 we 
present some basic results in Ergodic Optimization and we describe the main strategy for getting the 
piecewise analytic sub-action V. Section 4 shows the relation of the scaling function (see [30] [H]) with 
the involution kernel and the potential logg = — log/'. In fact, we consider in this section a more general 
setting considering any given potential logg. In section 5 (and also 3) we consider Gibbs states for the 
potential /3\ogg, where /3 is a real parameter. In section 6 we show, under a natural, but technical 
condition, the existence of the piecewise complex analytic calibrated sub-action, when fi,^ is unique, has 
support in a periodic orbit and A = logg satisfies a twist condition. We also show that our technical 
condition is true for a generic g. In sections 7 and 8 a more general setting for generic properties 
of potentials is considered. The results about a generic g, which were used before, are obtained as a 
particular application. Finally, in section 9 we present a result of independent interest for the case where 
the maximizing probability is not a periodic orbit: we consider properties of the involution kernel for a 
generic x. 

After this paper was written we discovered that some of the ideas described in section 2 appeared in 
some form in |29] [18] (but, as far as we can see, not exactly like here). 

We would like to thanks R. Leplaideur for a nice example which is described in section 6. 



1. Onto analytic expanding maps 

Denote / = [0, 1]. We say that /: / — / is an onto map if there exists a finite partition of / by closed 
intervals 

(1) {Ii}ie{i,2,..,d}, 
with pairwise disjoint interiors, such that 

- For each i we have that f{Ii) = /, 

- is monotone on each 7^. 



We say that / is expanding if / is on each li and there exists A > 1 such that 
Denote by 



inf inf \Df{x)\ > A. 



i),: I ^ I, 

the inverse branch of / satisfying 

V'i ° fix) X 

for each x € li. 

We will say that an expanding onto map is analytic if there exists an simply connected, precompact 
open set O C C, with / C O, such that, each ipi has a univalent extension 

Since / is expanding, we can choose O such that 

- Tpi has a continuous extension 

- We have 

MO) C O. 

- Moreover 

sup sup iDipiix)] < A = < 1. 

i xeO 2 

Consider a finite word 

7 = (ii,?2, ■ • ■,ik), 
where ij G {1,2, ..,0?}. Denote |7| — k. Define the univalent maps 

as 

We will denote 

I-t '07 W- 

Given either an infinite word 

w = (zi,i2,...,ife,...) e S := {1,2, 
or a finite word with > k, define its fc-truncation as 

Note that for fc > 1 

For every finite word 7 we can define the cylinder 

(2) C, = {uG{l,2,..,df: c^i^i -7}- 



2. Analytic potentials, spectral projections and invariant densities 
Some of the results presented in this section extend some of the ones in |26j . We say that a function 

g : int ^ M 

is a complex analytic potential if there are complex analytic functions gi : il'i{0) —>■ C such that 

- The functions gi and g coincides in the interior of li . 

- The functions gi have a continuous extension to ijji{0). 

- There exists 9 < 1 such that 

< inf |.9i(a:)| < sup \gi{x)\ < 9. 

- We have 

(7,(Mni/;,(0)) CM+. 

Denote 

hi{x) = gi[i'i{x)). 

For every finite word 7 we will define by induction on the Icnghts of the words the function 

in the following way: Let 7 = [11,12, ■■■ , ik+i)- If I7I = fc + 1 = 1 define h^{x) — gi^ {ipi-^ otherwise 

hjix) = h^^{x) -g,;,^, o^^^^^{x) = hj^ix) ■ h,^^^ oi^jA^)- 
Define the Perron-Frobenious operator 

Piogg:C(/)^C7(/). 

as 

(Piogg q){x) = ^h,{x) q{tlji{x)). 

i 

Note that 

(Pi^g^ q)ix) = ^ h^{x) q{i^,{x)). 

It is well known that there exists a probability //, with no atoms and whose support is /, a Holder- 
continuous and positive function v and a > such that 

(3) Pll^gV = a%, fi{v) = 1, 

and 

for every q G C{I). Let vjl be the measure absolutely continuous with respect to jl and whose Radon- 
Nikodyn derivative with respect to jl is v, that is, for every borelian A we have 

vil{A) ~ / v[x) dfl{x). 

J A 

Then the probability vjl is /-invariant. Let w be either an infinite word lo = (ii, 12, . . . , ifc, . . . ) or a finite 
word with |cj| > k + n. Then 

where oJn+k — is the word 

{ik+l,ik+2, ■ ■ ■ , ik+n)- 

For every finite word 7, define 

h - 

'~ah\j,ii,y 



Note that for > A: + 1 

(4) K^^^ {x) = {x) ■ g,^^, o {x) J^^fj"^ . = {x) ■ h,^^, o ip^^ (x) J^^i^f"^ . ■ 

h'-y-'-ujk+i) o: H-K-^uik+i) 

Let [/ C C be a pre-compact open set. Consider the Banach space B{U) of all complex analytic 
functions 

that have a continuous extension on [/, endowed with the sup norm. 

Remark 2.1. These function spaces have the following remarkable property. IfU^ C/i C C are precompact 
open sets and Ui C U then the inclusion i: B{U) l3(Ui) is a compact linear operator. So every bounded 
sequence /„ G B{U) has a subsequence fm such that fn- converges uniformly on Ui to a continuous 
function that is complex analytic in Ui . Picking a sequence of open sets Un such that Un C U and 

^nUn = U, 

we can use the a diagonal argument to show that we can find a subsequence fn- and a complex analytic 
function f on U such that fm converges uniformly to f on each compact subset of U . 

Theorem 2.1. There exists K > with the following property: For every infinite word u the sequence 
h^f. is a Cauchy sequence in B{0). Let /i„ be its limit. For every uj and x £ O we have 

^ < \hM)\ < K. 



K 

V'ifc + i(-^Wfc) = luk+n 



Proof. Indeed since 
we have 

(5) a ftil^^^J ^ I gik+,o'ilj,^^^{y) dfiiy). 

Since gi is analytic and 



by Eq. Q we have that 



with 



1 + Sk,x,y, 



\Sk,.,v\<CX''+\ 

for every x^y G ipi^^^ (O). Here C does not depend on either y ^ k > 1, or cj. In particular 



with 

for X £ O. This implies that for m > n 



1 ^n,mi 



with 

(6) |e„,™| < CiA" 

for some Ci. Here Ci does not depend on x,y G O, k > 1, or uj. Let mp large enough such that 
CiA™« < 1. Then 

OO OO 

inf \h^{y)\ Y[{l^C,X'')<\h^Ax)\< sup \h^{y)\ H {1 + C.X") 

yeO,|7l<™o ^^^^ yeO.hKmo k=rao 



for every x £ O, infinite word lj and fc > 1. In particular there exists K > Q such that 

(7) ]^<\K,{x)\<K 

for every A; > 1, a; € O and infinite word w. By estimates Eq. © and ((7| we conclude that h^^ converges. 
Denote 

= hm /i^j^ . 

A: 

It follows from Eq. ^ that 

(8) ]^<\K{x)\<K 

for every a; G O and infinite word lo. □ 

Corollary 2.1. For each G S i/ie Junction \ogh^{-): / — > M /ia.s a complex analytic extension to O. 

Proof. Since O is a simply connected open set and h^{x) ^ for every x O, this follows by classical 
results of complex analysis. □ 

We use the notation h^{x) = hiu), x), h^^. {x) = h{ujk,x), for x G [0, 1] and uj G {1, 2, .., d}^, according 
to convenience. 

For every /i-integrable function z : / — >■ R we can define the signed measure zfl as 

/ z{x)flix) 

J A 

for every borelian set A C I. 
Theorem 2.2. Let 

z: I 

be a positive Holder- continuous function. Then the sequence 

Pz{x) := lim h^{x)[{z jl) {I^)] = lim h^{x) / zdfl, 

h\=k ^ |7|=fc 

converges for each x £ O. This convergence is uniform on compact subsets of O. Indeed 

Pzix) V{X) J Z dfL, 

where v is the complex analytic extension of the function v defined in Q. Furthermore, there exists a 
borelian probability ji in the space of infinite words such that 



v{x) = pv{x) = / /i^(a;) dp{u:). 

Proof. Define p*^ : O — !■ C as 



p^{x) := h^{x) I zdft. 

I-.I_7, J 



l7l = fc 

Firstly we will prove that 

(9) p''{x) -^k v{x) j z dp, 

for each a; G /. Indeed for x G / 

h^{x) I zdp^ ^ h^{x) z{il;j{x)){l + ex,.y)p{I.y) 
h\=k •'^^ h\=k 

= ^ h^{x) z{il;^{x))p{I^) + e^^k 
|7l=fe 



Here, 

for some (3 < 1. 

It is a well know fact that 



So 



= (^'HPt^gZ){x) + e,,u- 



lima ''{Pt^gZ){x) = v{x) I z djl. 



limp'^(x) = v{x) I z dp. 

k 



for X G I. 

Next we claim that p'^ converges uniformly on compact subsets of O to a complex analytic function 
Pz. Note that by Eq. ([7]) we have 

I h^(x) I zdp\ < K sup \z[x)\ Pil-y) < K sup |z(x)|, 

|7|=fe ^ |7|=A: 

for every x G O, so in particular the complex analytic functions p^ are uniformly bounded in O. By 
Remark [Q] everv subsequence of p*^ has a subsequence that converges uniformly on compact subsets of 
O to a complex analytic function defined in O, so to prove the claim it is enough to show that every 
subsequence of p^ that converges uniformly on compact subsets of O converges to the very same complex 
analytic function. Indeed we already proved that such limit functions must coincide with 

v{x)jzdp 

on /. Since the limit functions are complex analytic, if they coincide on / they must coincide everywhere 
in O. This finishes the proof of the claim. In particular taking z{x) = 1 everywhere, this proves that 
w ; / — s> M has a complex analytic extension v. O — > C. Consequently for every function z 

Pz{x) = v{x) j z dp, 

once we already know that these functions coincide on /. For any given z we have that Pz{x) = v{x) J z dp, 
is an eigcnfunction of the Ruellc operator. So we have a natural spectral projection in the space of 
eigcnfunctions. 

Now we will prove the second statement. Consider the unique probability p defined on the space of 
infinite words such that on the cylinders Cj, \"f\ < oo, it satisfies 

p{C\) = ivp){I^) = vdp. 

Note that p extends to a measure on the space of infinite words because vp is /-invariant and it has no 
atoms. For each fixed x E O, the functions uj hi^^{x) are constant on each cylinder C^. I7I — k. So 



J K^{x) dp{uj) = ^ h^{x)p{Cj). 



|7|=fc 

By the Dominated Convergence Theorem 



J h^{x) dp{(jj) = lim J h^^{x) dp{uj) = lim h^{x) p{Cj) — lim h^{x) {vp){Ij). 



□ 



Corollary 2.2. The function pz — v{x) J z dp is a a-eigenfunction of Piogg 

PloggiPz) ^ a - Pz. 



Therefore, any is an eigenfunction for the RucUe operator for A = log 5. Later we wih consider a 
real parameter /3 and we will denote by 4ip{x) a specific normalized eigenfunction of the Ruclle operator 
for /31ogg. 

The two results described above are in some sense similar to the ones in [T] and We explain this 
claim in a more precise way in the next section. 

3. Maximizing probabilities, subactions and the involution kernel 

In this section we review some definitions and properties of Ergodic Optimization (see [2Q] [9] [1] [3]) 
We compare the setting and notation of [1] with the one described here. 

We consider here / an expanding real analytic transformation of degree d on the interval [0, 1] with 
an analytic extension to a small complex neighborhood S C C of [0, 1]. 

By definition, the Bernoulli space is the set {1,2,..., d}^ = E. A general element in S is denoted by 

W = iwo,Wi, ..,Wn, ■■)• 

We denote E the set E x [0, 1] and i/'i indicates the i-th inverse branch of /. We also denote by a* the 
shift on E. Finally, (t~^ is the backward shift on E given by (T~"'^(?«, x) = {a* {w),4'wo{^)) 
Consider A{x) = log.g(a;). 

A sub-action for A is a function V : [0, 1] ^ M such that, for all x G [0, 1] we 
have 

V{f{x)) > V{x) + A{x) - m{A). 
A calibrated sub-action y : [0, 1] -> R for the potential A, is a function V such that 

sup {Viy) + Aiy) - miA)} ^ Vix). 

y such that f{y) — x 

A calibrated sub-action is a particular case of sub-action. 

If we assume the maximizing probability for A is unique, then there is just one calibrated sub-action 
up to an additive constant (see [9] [1]). 

From [3] it is known that for a certain analytic functions / and A = log there is no analytic subaction. 

Definition 3.1. Consider A: [0, 1] — >■ R Holder. We say that W\ : E ^ M is a involution kernel for A, 
if there is a Holder function A* : T, M. such that 

A*{w) ~ Ao a^^{w, x) + Wi o a^^{w, x) - Wi{w, x). 

We say that A* is a dual potential of A, or, that A and A* are in involution. 

In [1] it was used the terminology ly-kernel instead of involution kernel. 

We point out that A* and Wi are not unique. It is also known (proposition 2 in [T]) that two involution 
kernels for A differ by a function (p{w). It always true that 

m{A) = max / A{x) dv{x) = 

V an invariant probability for / J 

max ^ / A*(vS) d\i{w) = m{A*). 

fi an invariant probability for a* J 



Remark: We point out that in section 5 we are going to consider two specific involution kernels for 
which we will reserve the notation iJoo and W. 

The definition of involution kernel is basically the same as in [T] where it's considered the Bernoulli 
space {1,2, ...,d}^. Here the infinite choice of the inverse branches is described by w. More precisely, the 
y in Proposition 3 in [1] is the w here. Moreover, our x is in [0, 1] and not in {1, 2, d}^ as in [1]. 

The results described here in last section correspond in [55] to the potential logg ^ A = — log/'. 

In this way e^ii^-.^) coincides with the function \D^pyj{x)\ on the variables (x, w) of [261. Note that in 
this case for a fixed w the function Ww{x) = Wi{w, x) is analytic on x, if / is considered analytic in |26j . 
We fix from now on a certain Wi as the involution kernel for A = log 17. 



Remark: Wc point out that in the present moment we are consider fixed Wi and A* just for the 
purpose of explaining the general theory for maximizing probabilities and large deviations. We will 
consider an specific involution kernel W (and a A*) later, and these ones are obtained in a unique way 
from the procedure described here. 

Given /3 one can consider /SA and the associated Ruelle operator P^a- We will be interested here in 
Thermodynamic Formalism properties for the potential (3 A, when /? — > oo (the zero temperature case). 

The point of view of [1] is the following: it is easy to see that if Wi is a involution kernel for A (we 
consider Wi fixed as we just said) then pWi is a involution kernel for f3A. 

Remark: In the notation of last section log(/i^(a;)) — \ogh{w,x) = Wi{w,x). This will be shown in 
the next section. Note that in last section the function h depends on ^ = logg in a natural way. In this 
way, for a given /3 we get in a natural and unique way from \og{hp{w, x)), which is not necessarily equal 
to /3Wi, where Wi = ft, is fixed and associated to an initial A — \ogg (that is, (3 — 1). This is main 
difference from the reasoning in our section 5 to the procedures in ^ . More precisely. If we know that 

A*{w) = Aoa~^{w,x) + 1^10 a'^{w,x) - Wi{w,x), 

then, an easy way to get an involution kernel for /3A is just multiply the above equation by /3. Then, in 
in] it is used the relation 

PA*{w) = /3Aoa~\w,x) + /3Wi o a~\w,x) - pWi{w,x). 

We are not doing this here. In our reasoning in section 5 wc arc deriving, for each /S, a certain involution 
kernel Wjs which is not necessarily equal to pWi. In this notation, just when /3 = 1 we have Wp ~ 1 W\. 

We describe briefly the main results in [T] . 

As we said, given /?, one can take the associated involution kernel (to fiA) the function Wp = PWi. 
Moreover {13 A)* = /3A*. The normalizing constant 

c(/3)=log J j ef'^'^^^'^UvpA'{w)dvpA{x), 

is such that 

where (j)pA is the normalized eigen-function associated to the Ruelle operator P^a and to the maximal 
eigenvalue A(/3), and finally v^a and Vf^A* are the associated eigen-probabilities for the dual of the 
Ruelle operators and P^a' (acting on probabilities) corresponding respectively to (3 A and (3 A* (see 
proposition 3 in [T]). We denote by jipA = (t>i3AdvpA and we note that, / 0/3a rf^^^A = 1- In analogous 
way IJI3A' = 0/3 A* du^A-- Here, PpA'i'P/SA') = A(/3) (f>pA'- 

Remember from the corollary of last section that given A = /3 logg, we have Pp logg(Ptj) = ct py. 
Therefore, the expression 

Pv{x) = J K{x) dfi{uj), 
obtained in Theorem 1 is similar but slightly different from 

because p, is an invariant probability for the shift and v^p logg)* is an eigen-probability (not necessarily 
invariant for the shift) for Pp logg.- This point will be important in the last section. 

Remark: Note that (using the above notation) \ogh^{x) is not necessarily equal to /3Wi{w,x) — 

C(^) - log (f>l3 logg.. 

It is known that in the analytic setting we consider before, given an analytic potential A = logg, the 
eigenfunction (j)pA for PpA is analytic in a neighborhood Cp of [0, 1]. This can be also derived from the 
expression above if we know that Wi{w, x) = W^j^i^x) is analytic on a; for any w fixed. A natural question 



is: what happen with the domains of 4>pA when /3 — > ool The question that makes sense is to ask: is 
there an analytic hmit for 

hm ? 

Our purpose in this paper is to show that if the maximizing probabihty is unique and has support 
in a periodic orbit, then certain subsequences /3„ — >■ oo of above hmit will define a piecewise analytic 
function V . The idea is to consider a fixed neighborhood C of [0, 1] on C and to show that we can select 
a sequence of bounded complex analytic functions ^"^^'^"'^ . Any of these limits will define a calibrated 
sub-action (see [5] page 1404) 

We assume that the maximizing probability ^.^o for A is unique, and so, the maximizing probability for 
jjL*^ for A* is also unique (this follows from the cohomological equation for a). In this case lim^_>oo M/3 A* = 
(see [9] n) 

In [T] is shown that for any cylinder C £ S 

« \ -4- (C) = - inf /* [w) 

where 

I*{w) = ^ (T/* o cr* - V^* - {A* - m*)) o (o-*)"(w), m* = j A* d^i*^ 

Tl>0 

where V*{x) is any calibrated subaction of A* . 
That is. A* satisfies for all w 

sup {V*{y) + A*{y) - m{A)} = V*{w). 

w such that cr* [w) — w 

Adapting the proof of the Varadhan's Theorem (theorem 4.3.1 in [11]) one can show that for a con- 
tinuous function G : S — 5- R, 

lim ^log / e'3G(-)^^^.(«;) = sup {G{w) - r{w)) 

Note in our setting fipA* Moo A*, the maximizing probability for A*. In the same way for the case 
of A (which has a deviation function denoted by /) the deviation function /* can have the value infinity 
for some points w. The function /* is zero on the support of the maximizing probability for A* . Anyway, 
in |24| a direct proof os this property is presented. 

Moreover, for any x is true 

where fipA* is the invariant probability which maximizes the pressure P{I3A*) and c(/3) is the correspond- 
ing normalizing constant to such /3Wi. It is known that there exists 7, such that — 7, as /3 — > 00. 
All these results are described in [1]. 

Remark: We point out that we will not follow the above strategy here because we have a procedure 
that defines an involution kernel Wp in a unique way (and it is not equal to (3Wi). 



4. Scaling functions and dual potentials 

Given a finite word j = {ii,i2, ■ ■ ■ ,ik), k > 1, define <J*{j) ~ (22, . . . , ifc). For infinite words we define 
cr* as the usual shift function. The scaling function s: E — M of the potential g is defined as 

- lim 

This definition is the natural generalization of the one in [5D] and [TH] . When log 5 = — log /' we 
get the usual one. In this section we show the existence of a natural involution kernel which provides 
a co-homology between the scaling function [log(as)](w) and \ogg{x) = —\ogf'{x). The constant a is 
the eigenvalue defined before in section 1. 

To verify that the above limit indeed exists, note that by Eq. ([5| and since g is a Holder-continuous 
function we have that 

^ JJ^Jo^^,,Ay)d^^{y) ^^^^^^^ Kiu.) 

where |efe| < . So s(w) is well defined. 

Note that, since w > is a Holder function and 1^^^^ C Ia{uj^}, 

s[uj) = lim — = lim 



so the the scaling function s is the Jacobian of the measure fj,. 
The dual potential g* is defined as 

g*{uj) := as{oj). 
For every w = (iq, «i, . . . , ifc, . . . ) and x E I , define 



Proposition 4.1. We have 



Proof. Indeed 



<7 ^(w,a;) := {a* {uj),ipi^{x)). 

g*(^) ^ /t(cr*(a;),^io(a^)) 
g(il)iAx)) h{uj,x) 

h{a*{uj),'i{j^„{x)) 



lim 



h{iu, x) 
h(a*{uJk),ipio (x)) 



k h{uk,x) 



lim 



= lim 



a 

9mo [X)) 



□ 



We finally get the following result: 



Proposition 4.2. \oghi^{x) = logft.(w,a;) is well defined and is an involution kernel for log g . For uj 
fixed, the function log/i(a;, .) has a complex analytic extension to a complex neighborhood O of [0, 1]. 

The dual of A = logg is naturally associated to the scaling function s. 

We will need an special involution kernel Hoc later, not this one \ogh.uj{x). The reason is that we have 
to consider a variable parameter /3 and moreover /3\ogg. The complex neighborhood O of [0,1] could 
change, in principle, very much with (3. 



5. When /3 -> oo we get an involution kernel which is analytic on x for w fixed 

Given an analytic potential g, let 17^ : O — s- R, i = 1, . . . , d, be complex analytic functions satisfying 
the properties described in Section [51 Since O is simply connected and gi{x) 7^ for a; G O, reducing O a 
little bit, if necessary, we have that log gi is a well defined continuous function in O and complex analytic 
in O. For each real value /3, we consider the analytic potential g^ and the corresponding the functions 
g^ix) := exp{l3\oggi{x)). Then for each /3 these functions also satifies the assumptions of Section [21 
so we can construct functions hi3(uj,x), as in Theorem 12.11 corresponding scaling functions and dual 
potentials = sp as in Section [31 The main goal of this section it to study how these functions are 
perturbed when we move /3. 

Note that we are going to consider g fixed, and for a variable f3 the potential g^. Wc point out 
that, in principle, the corresponding dual potential g^ does not satisfy necessarily g^ = {g*)^ , where g* 
corresponds to g by the procedure of last section. 

Note also that if g* is the one associated to g, then 

{logg)*{w) = log g o (j^^{'w, x) + Wi o a~^{w, x) — Wi{w, x), 
Therefore, given a real value /3 we have 

/3 {log g)*{w) = (3 log g o (t~^{w, x) + pWio (t~^{w, x) — /3 Wi{'w, x). 

Therefore, pWi is a involution kernel for j3 log 5. This point was very important in [T]. 
We consider here a new procedure that gives in a unique way (for each value (3) an involution kernel 
Wp = log hp for Plogg. 

The important point we would like to stress here is that in [1] it is consider first ca fixed Wi. Then, 
it is known that one can get the main eigenfunction for the Ruelle operator for jiA as 



Here the procedure is different: we will get (for each value /3 another away different from [9]) 

<Ppa{x)= [ e'^^^^'^UvpA'iw)^ [ hp{w,x) dvpA'{w), 



for a Wp which depends of the variable (3 (see the third remark of last section) . 

hp acting on the variable («;, x) is an integral kernel that transforms eigen-probabilities of the dual of 
the Ruellc operator for (3 A* in eigen-functions of the RucUe operator for (3 A 

First we want to show that there exists Hao{w,x) (complex analytic on x) such that hp{w,x) ^ 
^l3H^{w,x) j^jj^ sense that limp^^ ^ loghp{'w,x) = Hoa{w,x)). In other words, we want to replace Wp 
by a l3Hoo (in the notation that will be followed later). This will be useful to apply Varadhan's Theorem 
later from an expression in the form 

M^) = J e^"-^'-^'^^-<^U:.pA'{w) = J e^"-^-'^^^^^^^^ 

Remember that for a given w G S, we have hi_j = limfe /i^j^.. 

Proposition 5.1. Let K d O be a compact. There exists C such that the following holds: 

A. For every (3 >1 and x G A', w G S, we have 

(10) e-'^^ < |/i^(l.i,x)| <e^^ 

B. For every (3 >1, x ^ K , w G S and k > 1 we have 

hp {u!k+i,x) 
hp {u!k,x) 

C. For every finite word 7 there is a function 



(11) e-^P^ < 



that is holomorphic on x, real valued for x E M. and which does not depend on K , such that for 
every x O, ^ > 1, td £ Y. we have 

(12) /i^K+i,.T) = e«-^+i(^'^). 
Furthermore 

(13) \q^,iP,x)\<Cp 
and 

(14) |g„,^,(/3,x)-g^,(/3,x)| <C/?A'= 
for every /3 > I, x £ K, w e S and k > 1. 

Proof of Claim A. Recall that for i G {1, . . . , d} 

5f(^.(x)) gfm^)) 



(15) 



so 



hi3{i,x) 



\hfs{i,x) 



1 



r jiiS^'iiv)) ~ 
Ji u/3 



lsf(^.(^))l 

Since gi are holoniorphic on iJi{0), gi ^ in ipi{0), for every compact K C O there exists C such that 



(16) 



l<7^(V'i(y))l 

for every x,y G K and i. Since fip{I) = 1, it is now easy to obtain Eq. (|T0 



(17) 



□ 

Proof of Claim B. Since gi are holomorphic on tpi^O), 7^ in i}}i{0), for every compact K C O there 
exists C such that 

g»('0»(a;)) 

gt{A{y)) 

for every x,y £ K and i. Note that every such compact is contained in a larger compact set K d O such 
that tpi{K) C A' for every i, so we can assume that K has this property. Let x G K. By Eq. ([5]) 

/i,;3(u;fc+i,a;) _ fe'^(tjfc+i, a;) a^/i/j(/^J 
/i^(a;fc,a:) ~ /i'3(wfe,a;) a^+V/3(Wi) 



(18) 
(19) 

In particular 

For every y G luj^. we have 



g^ + ,i^^uJ, + ^ix))flfi{I^^) 
hi3iuJk+l,x) _ P-pjluJk) 

(a;) e V'c^,,+i (O) 



From Eq. ^ we obtain 
So 

|/i^(a;fe,x)| 

□ 

Proof of Claim C. Since gi o ip^ : O ^ <C does not vanish and O is a simply connected domain, there 
exists a (unique) function : O ^ C such that gi o ip^ = e*"' on O and /m r,;(x) = for x S M. Since 
tp^{0) r\I ^ and diam ^^(0) < A''*'' we have that 

(20) |/m r,(V'^(a;))| < CAI^I 

for every x £ O and every finite word 7. 
Define 

1 

g^(/3,x) = /3ri(a;) + log 



and g^, with 7 = (ii, . . . , ifc+i), by induction on fc, as 

(/?, x) = g^, (/3, x) + Pu,^, (^^, (x)) + log ^^'^'^ ^ 



>k ' 

It follows from Eq. that g^ satisfies Eq. (|T^ . so 

i?e q.y{l3,x) = log|/i/j(7,a;)|, 
in particular by Eq. (fTU|) c (fTTI) we have 

(21) |i?eg„,(/3,x)| <C/3 
and 

(22) \Re g„,+, (/3, x) - Re q^, (/?, z) | < Cpx'^ 
for /? > 1. Furthermore for every /3 G M. G S and A: > 1 

\Im q^,^,{l3,x)-Im g.,(/3,x)| - |/3 Im r,,^,(^„,(x))| < CI/JjA^ 
Moreover for /3 > we have 

|/m g,(/3,a;)| = |/3||/m r,(^^,(a;))| < C|/3|. 



□ 



For every x £ O define 

Hi3^k{i^,x) := ^q^^{(3,x). 

In particular, if .t G / we have that hp{iOk, x) is a nonnegative real number by our choice of the branches 
n, so 

Hp^k{oJ,x) = -logh,3{ujk,x) 
for X £ I. It follows from Proposition 15.11 that for every compact K C O there exists C such that 

(23) \Hp^i{Lu,x)\<C, 

(24) |i?;3,fc+i(w,x)~i?^,fc(c^,x)| <CA'= 

for X £ K, and every fc and w. So there exists some constant C such that 

\Hp^k{^,x)\<C 



for every uj, x € K . This implies that the family of functions 

^1 = {Hp^ki^, ■)}k,uj,l3>l 

is a normal family on O, that is, every sequence of functions in this family admits a subsequence that 
converges uniformly on every compact subset of O. In Theorem 12.11 we showed that for every a; G / we 
have 

lim hi3{LJk,x) = hp{uj,x) > 0, 

k 

SO 

lim Hi3^k{i^,x) = - log/i^(a;,x), 

k p 

for X £ I. It follows from the normality of the family J- that the limit 

Hfj{ui,x) := limH^,fe(w,a;) 

exists for every a; G O and that this limit is uniform on every compact subset of O. Moreover 

J^2 = {H(3{UJ, ■)}uj,i3>l 

is also a normal family on O. 

We consider in S the metric d, such that d{ijj,'j) ~ 2^", where n is the position of the first symbol in 
which io and 7 disagree. 

Corollary 5.1. For every compact K (Z O there exists C such that 

(25) \Hp{uj,x)-H^{j,y)\<C\x-y\+CdiLu,j) 
for every x,y G K . 

Proof. Since the family is uniformly bounded on each compact set C O, we have that the family 
of functions 

-^3 := {H'p{uj, ■)}u,(i>i 

has the same property, so it is easy to see that for every compact K C O there exists C such that 

\HpiLo,x)~Hp{uj,y)\<C\x~y\. 

Note also that Eq. ([M)) implies 

\Hp{Lu,x)-H0{LJk,x)\<CX'', 
Let A: + 1 = \og{d{'y, cj))/log A. Then 7^ = ujk and we have 

\Hi3{i^,y) - Hi3{-f,y)\ < \Hp{u,y) - Hfi{ujk,y)\ + \Hp{jk,y) - Hfi{j,y)\ < Cd{uj,-f). 

□ 

Corollary 5.2. There exists a sequence /3„ > satisfying /?„ 00 ujhen n ^ 00 such that the limit 

(26) i7oo(w,x-)= 1™ Hr{ui,x), 
exists for every {lo, x) in 

{l,...,df xO. 

Moreover for every compact K <Z O there exist C such that 

(27) \H^{u,x) - H^{-i,y)\ < C\x - y\ + Cd{uj,-i) 
and the limit in Eq. \26\) is uniform with respect to [u, x) on 

(28) {!,..., d}^ X 

In particular for each ui we have that x i7oo(w, a;) is holomorphic on O . 



Proof. By Corollary 15. 11 the family of functions Hjs is equicontinuous on each set of the form (^5)) . where 
X is a compact subset of O. So given a compact K C O and any sequence /3j — +oo, as j oo, there 
is a subsequence /S^v such that the limit 

lim Hfi^, {uj,x) 

exists and it is uniform on the set of the form ([28|) . Then, choosing an exhaustion by compact sets of O 
and using Cantor's diagonal argument we can find a sequence /3„ — >■ +00 such that the limit 

Hoa{i^,x)= lim Hi3^X(jj,x) 

n— f +00 

exists and it is uniform on every set of the form with compact K C O. Eq. (^7]) follows directly 
from Eq. ([25]). □ 



This shows the main result in this section: 
Corollary 5.3. For any w fixed, HaoiuJ^x) is analytic on x. 

Given a continuous function G{w,x) — Gx{w), from Varadhan's Integral Lemma (section 4.3 page 137 

m) 

lim ^log /e^«^('"V;3A.(«i) = sup {G^{w) - r{w)). 



Note that for each fixed x we are using Varadhan's Integral Lemma. We will not use directly this. We 
need a small extra effort (/* is not continuous, see [M]). 

From Corollary 5.2 (the convergence is uniform) and the fact that 



Pv{x) = j K{x) d^{u;), 

we get that for any x £ [0, 1] 

V{x) = lim log (x) = sup {Hoo{w,x) ~ I*{w)). 

Remember that for every uj = (zq, «i, . . . , ?fc, . . . ) and a; £ §^ 

a~'^{oj,x) := (cr*(w), Vio(a^))- 

Proposition 5.2. The function Hoo{w,x) is an involution kernel for g. 

Proof. Consider g fixed. Let /?„ be a sequence as in Corollary 15.21 For any /?„ we have 

gl(^) ^ hp^{a*{oj),^P,,{x)) 
gl^"{ipig{x)) hp^{uj,x) 

Taking J- log in both sides and taking the limit n +00 we get that 

g{a^^{uj,x)) + H^{&^^{uj,x)) - H^{uj,x) 

depends only in the variable w. 

Therefore, Haoiw^x) is an involution kernel. □ 

Given the analytic involution kernel Hoo{w,x) and a fixed calibrated V* (unique up to additive con- 
stant) define W{w, x) = Hoo{w, x) — V*{w). We point out that W is also analytic on the variable x G (0, 1) 
for each w fixed). 

The reason for the introduction of such W (and not Hoc) is that, in next section, instead of 



V{x) = sup [Hoaiw,x) - r{w)], 



it is more convenient the expression 



V{x) = sup [ W{w, x) - V* (w) - r (w) ' 



6. The subaction is piecewise analytic when the potential A = \ogg is twist and g is 

GENERIC 

We sometimes denote a* by a. We believe will be no confusion: / acts on points x G [0, 1] and a* (or, 
a) acts on w on E = {0, ...,d— 1}^. This avoids using * ali the time. In any case a acts on E x [0, 1] — E. 

We suppose in this section that the maximizing probability for A* is unique (see [H]) in order we 
can define the deviation function /*. This property will follow from the uniqueness of the maximizing 
probability for A = logg (which implies the same for A*). 

Adapting Varadhan's Theorem one can show that that 

V{x) = sup [ W{w, x) - V* (w) - r (w) ] . 

toes 

See also [21] for a direct proof of this result. 

For each x we get one (or, more) Wx such attains the supremum above. Therefore, 

Vix) = Wiwx,x) - V*{wx) - I*{wx) . 

The main strategy in the present section is to find suitable hypothesis in such way that Wx is unique 
and locally constant on x. Remember that for a fixed w, we have that W{'w, x) is analytic on x. It seems 
difficult to us to imagine how one could be able to show that V{x) is locally analytic using a different 
procedure. But, we may be wrong. 

One can consider on E = {0, d — 1}^ the lexicographic order. We will consider, by technical reasons, 
the case where / : (0, 1) — > (0, 1) has positive derivative. In the most of the cases we will consider, d = 2, 
in order to avoid unnecessary complex notation. 

Following [24] we define: 

Definition 6.1. We say a continuous G : E = E x [0, 1] ^> M satisfies the twist condition on E, if for 
any (a, 6) G E = E x [0, 1] and (a', 6') G E x [0, 1] , with a' > a, b' > b, we have 

(29) G(a, h) + G(a', h') < G{a, h') + G(a', h). 

Definition 6.2. We say a continuous A: [0,1] — M satisfies the twist condition, if some (all) of its 
involution kernels satisfies the twist condition. 

Note that W satisfies the twist condition, if, and only if, W — V* (or, W[w,x) — V*{w) - I*{w)) 
satisfies the twist condition. 

We will assume later that A = log g satisfies the twist condition. We point out that in order to check 
that W is twist we just have to check properties of the potential A (see [24]). The property of been twist 
is stable by perturbations. Examples of twist potentials A are presented in [24] . 

We point out that in the case / reverse orientation (like ,—2x (mod 1)), then there is no potential 
A = logg which is twist for the dynamics on E x [0, 1]. A careful analysis (for different types of Baker 
maps) of when it is possible for A to be twist for a given dynamics / is presented in |24j . We will not 
consider this case here. 

Proposition 5 in [Tj claims that if fimax is the natural extension of the maximizing probability ^oo, 
then for all (j),p*) in the support of fimax we have 

V{p) + V*{p*) = Wip,p*) - 7. 
From this follows that if {p,p*) in the support of (imax (then, p G [0, 1] is in the support of iioo and 
p* G E is in the support of /^^), then 

V{p) = sup {W{w,p) - -1 -V*{w) - r{w)) = 

{w{p*,p)--j-v*ip*)-r{p*))^{w{p\p)-j-v*{p*)). 

If the potential logy is twist, then for any given p in the support of /ioo: there is only one p* , such 
that {p,p*) is in the support of fimax (see |24j ) . 

In principle could exist another G E such that for such p we have 

V{p) = W(w,p) -j-V*{w)- r(w) . 



The calibrated subaction will be analytic, if there exists w such that for all x 



V{x) ^ sup {H^{w,x) - r{w)) = H^{w,x) - I*{w) = W{w,x) - V*{w)-r{w). 
This will not be always the case. 

Let's consider for a moment the general case (A not necessarily twist) . 
We denote by M the support of ^l^. 

As /* is lower semicontinuous and W — V* is continuous, then for each fixed x, the supremum of 
Hao{w,x) — I{w) in the variable w is achieved, and we denote (one of such w) it by Wx- In this case we 
say Wx is optimal for x. One can ask if this is independent of x, and equal to a fixed w. This would 
imply that V is analytic. If for all x in a certain open interval (a, b), the Wx is the same, then V is analytic 
in this interval. We will show under some restrictions that given any x we can find a neighborhood (a, b) 
of X where this is the case. 

Given x, this maximum at Wx can not be realized where I{w) is infinity. Moreover, as W — V* is 
bounded, there exists a constant K, such that, we know a priory that Wx is such that I{wx) < K. 

Consider for any x 

K{x) = maxi/tx3(a;, w) — m.mHoo{x, w) 



Then, K = sup K(x). 

Remark: We just have to consider w such that I{w) < K. 

In order to simplify the notation we assume that m^A*) = 0. 

If we denote R*{w) = V* o a{w) - V*{w) - A*{w), then we know that R* > 0. 

Consider the compact set of points P = {w G E, such that a*{w) G M, and w is not on M}. 

Assumption: We say that R* is good for A*, if for each w G P, we have that R*{w) > 0. 

We point out that there are examples of potentials A* (with a unique maximizing probability) where 
the corresponding R* is not good (see example [2] in the end of the present section) . 

We will assume first that R* is good, present some main results, and later we show that generically on 
the analytic function g (not generically on A* which is much more easy) we have that the corresponding 
R* satisfies the assumption. 

Example 1. We point out that in the example described in j24| . for the potential A = —{1 — x)'^ , and the 
transformation T{x) = —2x (mod 1), we have that the maximizing probability ^^o for A has support on 
Xq = 2/3. The pre-image of 2/3 outside the support of = 1/6. That IS, {x€ [0, 1] - {2/3}, 

such that T{x) is in the support of /loo} = {1/6}. The explicit value of the calibrated sub-action is 
V{x) = -1/2x2 _j_ 2/9a;2. In this case i?(l/6) = F(2/3) - ^(1/6) - ( A(l/6) - to(A) ) = 0.665.. > 0. 

Therefore, the R corresponding to such A (not A* ) satisfies the property of been good for A. 

This potential A is not twist when we consider the question m S x [0, 1] . // we consider instead a 
different kind of Baker map F, like the one that can be naturally defined F : [0, 1] x [0, 1] — > [0, 1] x [0, 1], 
which satisfies F{x,f{y)) = {f{x),y),\/{x,y) G [0,1] x [0,1], then the potential is twist (see for the 
appropriate definition). All results we present in this section also applied to this last situation. 

Remember that , 

r{w) = ^ (y* o cr - - A*) o (7"(?i;) ^ J2 R*{cr''{w)). 

n>0 n>0 

In |23| section 5 it is shown that if I*iw) is finite, then 



lim - y]'5(^*)3(t„) lJ*oo- 
Our main assumption says that R* is positive in the compact set P. 



We consider in S the metric d, such that d{wi, W2) = ■, where n is the first symbol in which wi and 
W2 disagree. 

There exist a fixed 0<5 < 2-(p+i), (in the case M is a periodic orbit, the p can be taken the period) 
for some p > 0, such that, if 

Vts = {w €^\d{w,P) < J}, 

then 

Cs = min R*{w) > 0. 
Consider a small neighborhood As of the set M such that (j*{ils) ~ As. 

We can assume the above 6 is such that any point in As has a distance smaller that 2~p to a point of 
M, where p is the period. 

Note that in order that the orbit of point w by a* enter (a new time) the set As , it has to pass before 
by fts- 

As fi'^{M) > 0, then considering the continuous function XAs (indicator of As), we have that, if 
I*{w) < 00, then 

n — 1 

hm -Y,XAs{{'yy{w))>0. 
Therefore, {(J*y(w) visits As for infinitely many values of j. 

Given w, suppose there exist a > 0, such that for all j > N , we have that (cr*)^(w) ^ As- In this 
case, there exist a k such that (a*)^(w) € M. 
Now, we consider the other case. 

Denote by toi the total amount of time the orbit ((T*)'^(w) remains in As for the first time, then the 
trajectory goes out of As, and 7712 is the total amount of time the orbit (a*y^(w) remains in As for the 
second time it returns to As, and so on... 

We suppose from now on that the maximizing probability for A* has support in a unique periodic 
orbit of period p denoted by M = {w\,wi, ■-, Wp} C E. 

We have two possibilities: 

a) The times m„, n G N, of visits to As, satisfies 2"'"" < 5, for infinitely many values of n. In this 
case, the orbit visits il^ an infinite number of times, and I*{w) ~ 00, and we reach a contradiction. 

b) The times m„, n €N, are bounded by a constant N. We can consider now a new set A-g, which is 
a smaller neighborhood of M, in such way that any point in Aj has a distance smaller that , to a 
point of M. 

As, 

^ n — 1 

hm -Y,XA^{{'J*y{w))>0, 

we reach a contradiction. 

We are interested only in the case the support is periodic orbit. The shift is expanding, then by the 
shadowing property there is an e such if the corresponding forward orbits of two points are e close, for all 
n, then the points are the same. From this it follows that the orbit we arc considering (which eventually 
remains indefinitely within As) should be eventually periodic. 

Therefore, if uu is such that I*{w) < 00, then, there exists a k such that (cr*)'^ = w Q M. 

From [1] j24| it follows that the support of the maximizing probability for A is a periodic orbit 

Ml = {xi,X2, ■.,Xp} C [0, 1]. 

We are going to show in this case that if R* is good for A* and the twist condition for A* is also true, 
then the subaction V is piecewise analytic. 

Remark: The function /* is lower semi-continuous, that is, if Wn — >■ w, then liminf /(w„) > I{w). 
From this follows that given AT > 0, if I{wn) < K, and w„ w, then I{w) < K. 

We claim that if R* is good for A* , then given AT > there exist just a finite number of points w 
with I{w) < K. This is so, because the times to arrival in the set M are bounded. Indeed, if there was 



an infinite number of such Wn they would accumulate in a point w, such that I{w) < K, but this point 
cannot reach the set M by forward iteration in a finite number of steps. 

In this way, the above claim, applied to the situation we consider here, says that the set of all possible 
Wx is a finite set (all points in in the pre-orbit of the periodic maximizing probability), when wc consider 
all the possible x G [0, 1]. 

Remark: We point out that if A* depends on a finite number of coordinates and the maximizing 
probability is unique, then R* is good for A*. 

For each w such that is in the pre-orbit of a point of M, denote by k{w), the smaller non-negative 
integer such that {a*)'^^'^\w) € M. Denote by o{w), this point in M, such that {a*)''^'^\w) = o{w). As 
we said before, the possible kiw) are uniformly bounded by a uniform constant TV. 

Remark: We point out that the above property is not necessarily true if we do not assume that R* 
is good for A* . 

The conclusion is that if R* is good for A* . then 

V{x)= sup _{HUw,x)~ I*{w)). 

lueS . (TJ(io)e-/\/, for some Q<j<N 

For such kind of w wc have 

I*{w) ^"^{V* oa ^V* ~ A*)o a"(u;) = ^ i?*(cr"(ii;)) = 

n>0 n>0 
k{w) — l k{w) — l 

(F*oa-y*-A*)ocr"(u.) = R*{a''\w)) = 

n=0 n=0 

[V*{o[w) )-V*{w)] - {A*[w) + A*{<7{w)) + ... + A*(a'=(™)^i(w)) ). 
In this way, for w satisfying a''{'w) ~ o{w) G M (where k is the smallest possible) we have that 
Hooiw,x) - r{w) W{w,x) - V*{w) ^ r{w) = 

( Wiw,x) - V*{o{w))) + iA*{w) + ... + A*{a''^'"^~\w) ). 

The above expression is the main reason for considering W ~ V* instead of H^d • 
The k above could be eventually equal to zero when w G M. In this particulary case Hoc (w, x) — I{w) = 
W{w,x) - V*{w). 

We assume from now on that A =^ logg satisfies the twist condition. 
It is known (see [2] [23]) that x Wx is monotonous decreasing. 

Indeed, as 

V{x) = sup {W{w,x) - V*{w) - r{w)) = W{wx,x) - V*{wx) ~ I*iw^), 

then 

W{w,x) - V*{w) - r{w) < W{wx,x) - V*{w^) - I*{wx) 
for any w, and we also have that 

Vix') = sup (Wiw.x') ~ V*{w) - I*iw)) = Wiwx',x') ~ V*{wx') - /*(«;.')• 

■U)6E 

Therefore, 

Wiw,x') - V*{w) - r{w) < W{wx',x') - V*iwx,) - r{wx'). 

for any w. 

Suppose, X < x' . Substituting Wx' in the first one, and in the second one we get 

A(a;,a;',ii;a;') < A(x,x',«;^), 
where W{x,w) — W{x' ,w) = A(a;, x', lu). So the twist property implies that Wx' < Wx- 



Theorem 6.1. Consider the transformation T{x) = 2x. Suppose A satisfies the twist condition, R* is 
good for A* , and the maximizing probability for A has support in a periodic orbit, then the subaction V 
for A is piecewise analytic. 

Proof. Consider a point xq G [0, 1] and a variable x in a small interval (xq — e, xq) on the left of xq. Note 
that X ^ Wx is monotonous decreasing and can reach just a finite number of values. 

Remember that from a previous remark the possible values of optimal Wx are in a finite set. 

This shows that Wx is constant for a certain interval (xq — e,xo), with e > 0. Moreover, the above 
argument shows that there exist t > and a certain finite number of points Zj , such that = zi < Z2 < 
Z3 < ... < zt = 1, t G N, such that Wx is constant in each interval (zj, Zj+i) . Furthermore, 

V{x) = Hoo{Wx, x) - I{Wx), 

is analytic, for x G (zj,Zj+i), j £ {l,..,t — 1}. 

□ 

It is easy to sec from the above that if A is monotonous increasing on x, then the maximizing probability 
is in the fixed point 1 and V{x) is analytic. 

Examples in which the hypothesis of the above theorem arc true appear in |24j . 

Similar results are true for a general / (as considered before) with positive derivative (if there exists d 
branches for /, then one have to consider the space S = {0, 1, 2, ...,d — 1}^, the lexicographic order and 
a similar definition for the twist condition). 

Theorem 6.2. For a fixed transformation f and for a generic analytic potential g (with a unique max- 
imizing periodic probability) the corresponding R* is good for A* , where A* is the dual potential of 
A = logg. Then, in this case, the subaction V for A = log g is piecewise analytic. 

The proof of the generic this result will be done in Theorem 18. II 

The final conclusion is that for a generic A = logg satisfying the twist condition, if the maximizing 
probability is supported in a unique periodic orbit, then the corresponding subaction for A is piecewise 
analytic. 

In the next sections we will show the proof of some results we used before. 

Now we will provide a counterexample. 

Example 2. The following example is due to R. Leplaideur. 

We will show an example on the shift where the maximizing probability for a certain Lipchitz poten- 
tial A* : {0,1}'^ M. is a unique periodic orbit 7 of period two, denoted by p^ ~ (01010101...), pi = 
(10101010...), but for a certain point, namely, Wq = (110101010..), which satisfies cr{wo) ~ Pi, we have 
that R*{wo) = 0. 

The potential A* is given by A*{w) = —d{w,^ U F), where d is the usual distance in the Bernoulli 
space. The set F is described later. 

For each integer n, we define a 2n -\- 3-periodic orbit Zn, cr(z„), . . . , cr^"+^(z,i) as follows: 
we first set 

6„ = ( piOlOlOl.-.Ol lOl), 

2n 

and the point z„ is the concatenation of the word bn'. Zn = {bn, 6n, •••) 

The main idea here is to get a sequence of periodic points which spin around the periodic orbit {po,Pi} 
during the time 2n, and then pass close by wq (note that d((T^"(2:„), wo) = 2^^("+"'^'' ). 

Denote 7„ the periodic orbit 7„ = {z„,(t(z„), a'^(zn), (7^"+^(z„) }. 

Consider the sequence of Lipchitz potentials A*(u)) ~ -~d{w,jn U 7). The support of the maximizing 
probability for A* is 7„ U 7. Moreover 

= m(yl*) = max / A* (w) dv{w). 

V an invariant probability for a J 



Denote by V* a Lipchitz calibrated subaction for A* such that V*{wo) = 0. In this way, for all w 

K{w) = {v:oa-v:-A:){w)>o, 

and for w G jn^^ we have that i?* (w) = 0. 

We know that i?* is zero on the orbit 7„, because 7„ is included in the Masur set. 
Note that we not necessarily have i?* (wq) = 0. 

By construction, the Lipchitz constant for A* is 1. This is also true for V*. Hence the family of 
subactions (V*) is a family of equicontinuous functions. Let us denote by V* any accumulation point for 
{V*) for the C*^ -topology. Note that V* is also 1-Lipschitz continuous. For simplicity we set 

V* = lim V* . 

fe— >oo 

We denote by T the set which is the limit of the sets 7„ (using the Hausdorff distance). 7 U F is a 
compact set. Note that T is not a compact set, but the set of accumulation points for T is the set 7. We 
now consider A* (w) = —diw, 7 U F) . 

As any accumulation point of F is in 7, any maximizing probability for the potential A* has support 
in 7. On the contrary, the unique a -invariant measure with support in 7 is maximizing for A* . 

Remember that for any n we have V*{wo) = O.We also claim that we have A'^^^wq) and 
V*i^{a{wo)) -> 0, as k 00. 

For each fixed w we set 

M = (K ° ^ - C - KJ {w) > 0. 

The right hand side terms converge (for the C'^ -topology) as k goes to +00. Then i?*^ converge, and we 
denote by R* its limit. Then for every w we have: 

R*{w) ^{V* oa-V* - A*) H > 0. 

This shows that V* is a subaction for A*. Note that R*{wo) = 0. From the uniqueness of the 
maximizing probability for A* we know that there exists a unique calibrated subaction for A* (up to an 
additive constant). 

Consider a fixed w and its two preimages Wa and Wb- For any given n, one of the two possibilities 
occur R^{wa) = or R'^{wb) = 0, because V* is calibrated for A* . 

Therefore, for an infinite number of values k either R'^^(wa) — or — 0. 

In this way the limit of V*^ is unique (independent of the convergent .subsequence) and equal to V* , 
the calibrated subaction for A* (such that V*{wq) — Q). 

Therefore, 

R*iwa) = {V* oa~V* - A*) (wq) = 0, 
and V* is a calibrated subaction for A*{w) = d{w, 7 U F). 



7. Generic continuity of the Aubry set. 

In sections 7 and 8 wc will present the proof of the generic properties we mention before. 
We will present our main results in great generality. First, in this section, we analyze the main 
properties of sub-actions and its dependence on the potential A. 

We refer the reader to [2S] [1] [I] [IS] [H] for related results in (eventually) different settings. 
First we will present the main definitions we will consider here. 

We denote by K a compact metric space and T : K — > K continuous expandig map (that is, there exists 
e > 0, and 1 > A > 0, such that, if d{x,y) < e, then d{T{x),T{y)) > 1/A) such that sup^gjj T^^jx} < 00 
(that is, each point has a finite number of pre- images by T). A is called the contraction constant for T. 

Typical examples are: 

1) the shift transformation acting on the Bernoulli space {1,2, 
and 

2) T : S"! ^- S'\ of class C^+", such that there exists A > 1, such that, |r'(a;)| > A, for all x e S\ 



A function g{x), defined locally on an open set Z, such that T{g{z)) = z,\/z G Z, is called an inverse 
branch. Most of the time we consider maximal inverse branches. 

The constant A gives an upper bound for the rate of contraction in each inverse branch. 

C C'^(K, M) denotes a complete metric space with a (topology finer than) metric larger than 
d(ja[f,g) = II/ — (jIIq := sup^gjj |/(a;) — g'(a;)|; (for instance, Holder functions, Lispchitz functions or 
C'''(]K,R)) AND such that 

(30) V/v C K compact ^ T s.t. V < 0, [i' = 0] = {a; | i^{x) = 0} = K. 

Property pop does not hold for real analytic functions on [0, 1] unless K is a finite set, like, for instance, 
a periodic orbit. 

We will assume in the rest of the paper at least that F G C" (K, E) , unless we explicit something else 
less. 

When the Aubry set (see dcfiniton bellow) is one periodic orbit, the arguments below should apply for 
J- = C"([0, 1],R) (real analytic functions) with the C° topology. This will be enough for the purpose of 
our main result on piccewisc analytic subactions which was stated before. 

Given A E a calibrated sub-action for ^ is _F : K — > M continuous such that 

F{x) = max [F{y) + A{y) ~ ttia] Vx £ K 

where 

:= sup / A d^, M.{T) := Borel T-invariant probabilities; 

neM{T) J 

its error is denoted by i? = : IK ^ [0, +oo[: 

R{x) := F{T{x)) - F{x) - A{x) + > 0. 

S{A) denotes the set of Holder calibrated sub-actions (it is not empty [10] [9]) 
The expression 

F{T{x)) ~ F(x) + mA > A{x), Vx 6 K, 

is the discrete time version of the sub-solution of Hamilton- Jacobi equations [12] [8] [9] [14]. The next 
definitions were also consider and explored in these references. We denote by 
The Mane action potential is: 

ri-l 

SAix,y) Imi sup { ^ [MT'{z)) ~ tua] n€ N, T"{z) = y, d{z,x) < e} . 

i=0 

Given x and y the above value describe the A-cost of going from x to y following the dynamics. 

The Aubry set is A{A) :={x eK\ SAix, x) = }. 

The terminology is borrowed from the Aubry-Mather Theory [5|. 

For any x e A(A), we have that SAix, .) is a sub-action (in particular, in this case, 5'^(x,?/) > — oo, 
for any y), see Proposition 23 in [5]. 
The set of maximizing measures is 



M{A) -.^{fieMiT)] jAd^i = mA}. 



U F e C"(K,K) is a Holder function define 

\\F\\ :^sup'^(-)-f^)'. 
x=^y a{x,y)°' 

Define the Mane set as 

N(A):= y /^i{0}, 

FeS{A) 

where the union is among all the a-Holder callibratcd sub-actions F for A and 



/^^(x) = £i?f^(r(x)). 



i=0 



If{x) is the deviation function we considered before. 
For A & define the Mather set as 

M{A) y supp(Ai). 



The Peierls barrier is 

hA{x,y) 



hm hni sup ^^(a;, y, k, e), 



where SAix, y, k, e) := sup | ^ [A(r'(0)) — uia] 



> k, r 



'(z) = y, d{z,x) < e|. 



Several properties of the Mane potential and the Peierls barrier are similar (but not all, see section 4 
in |16|). We will present proofs for one of them and the other case is similar. 

Lemma 7.1. 

(1) If ^ is a minimizing measure then 

suppin) C A(^) = { x e K I SAix, a;) = }. 

(2) Sa{x,x) < for every a; G K. 

(3) For any z G K the function F{y) = hA{z,y) is Holder continuous. 

(4) If a £ A{A) then hA{a,x) = SA{a,x) for all x 

In particular, F{y) = Sa{o,,x) is continuous if a E K{A). 

(5) If SA{w,y) = hA{w,y) then the function F{y) ~ SA{w,y) is continuous at y. 

(6) // S{x„, T''" (xo)) = EJio ' MT'ixo)), hmfe T"- (xo) = b and lim^ = +oo, then 

limS{xo,T''''{xo))^S{xo,b) 

k 



Item ([T]) follows from Atkinson-Mane's lemma which says that if fj. is ergodic for /i-almost every x and 
every e > 0, the set 

n-l 



N{x,e) :={ 



J2MT\x))^n f Adfi 



< e 



is infinite (see Lemma 2.2 [5S] (which consider non-invertible transformation, [5], [S] or [T3] for the proof). 
We will show bellow just the items which are not proved in the mentioned references. 

The problem with the discontinuity of F{y) = Sa{w, y) is when the maximum is obtained at a finite 
orbit segment (i.e. when 5^(^,2/) 7^ hA{w,y)), the hypothesis in item[Sl 

Proof. 

By adding a constant we can assume that tua = 0. 
(j2|) . Let F be a continuous sub-action for A. Then 

-Rf ^ A + F - F oT <0. 

Given xq € K, let a;^ £ K and rife G N be such that T"'' (a;^) = xq, linife Xk = xq and 



'S'(a;o,a:o) = lim A{T^{xk)). 

k ^ — ^ 



We have 



3=0 



J2 A{T^{xk))=[ £ {A + F-FoT){T^{xk))] + F{xo) - Fixk) 
3=0 

<F{xo)-F{xk). 



j=0 



Then 



S{xo,xo) = lim MT'ixk)) < lim [F{xo) - F{xk)] = 0. 



3=0 



The proofs of (3) (4) (5) can be found in [9] [15] 

([6]) . Let (Tfc be the branch of the inverse of T"'' such that cr/j(r"'= (a-o)) = a^o- Let bk = (Jk{b) for k 
sufficiently large. Then 



d{xo,bk) < X""" d(T"Mxo),6) ^0. 

ri/^ — 1 Uk — l 

A{T\x,)) - Y MT\b,)) 



i=0 



i=0 



< 



\A\\ 



1 - A" 



dir'''ixo),bY 



Write Q then 



5(xo,6) >limsup J2 A{T\hk)) 



1=0 

> lim sup S{xn, T"^ (xo)) - Q diT""- (xq), 6)" 

k 

> limsupS'(a;o,T"'"(a;o)). 

k 

Now for ^ e N let b( eK and mi e N be such that limfo^ = xq, T'"'^(6f) = b and 

m£ — 1 

lim Y MT'ib,)) = S{xo,b). 
j=o 

Let We be the branch of the inverse of T™* such that (f^ (5) = be- Let X£ := CT£(T"'= (xq)). Then 

^(xf, Xo) < d{xo, bi) + d{bi, xt) 

< d{xo, be) + d(T"'^- {xq), b) A 0. 

<Qd(r"'=(^o),&r. 



— 1 



7n£ — 1 

Y A{T={xe))~ ^iT'ibe)) 
Since a;^ ^> xq and T"^'{xi) — r"'=(xo), we have that 

m^ — 1 

5(xo,T"Ha:o)) > Hmsup V ^(r^(x,)) 

m£ — 1 

>limsup y A{T^{be))-Qd{r"'{xo),by 
> S{xo,b)~Qd{T"''{xo),b)". 

And hence 

lim^inf S'(xo,T"Ma;o)) > S{xo,b). 
Proposition 7.1. The Aubry set is 

where the intersection is among all the a-Holder callibrated sub-actions for A. 



□ 



Proof. 

By adding a constant we can assume that ttia ~ 0. 
We first prove that A(^) C ClpeSiA) ^f^W- 

Let F £ S{A) be a Holder sub-action and xq € A(A). Since Sa{xo, xq) = then there is Xk xq and 
Uk t oo such that hnifc T"" {xk) = xq and Umfe E"=o ^ A{T^{xk)) =0. If ?7i e N we have that 

F(T™+i(xo)) > F(r™(x„)) + A(r'"(xo)) 

Tifc+m — 1 

>F(T"+i(xfe))+ A{T\xk)) + Air^{xo)) 

j—m-\-l 

n — 1 m 

(31) > F{T"^+\xk)) + A{T\xk)) - \A{T^{xk)) - A{P{xo))\ 

i=o j=o 

When fc — > oo the right hand side of (fSTj) converges to F(T™+^(xo)), and hence all those inequalities are 

equalities. Therefore i?i?(r"'(.To)) = for all m and hence If{xo) = 0. 

-. k 

Now let Xq G r\FeS{A) ^F {^}- Sine IK is compact there is Uk — >■ +oo such that the limits b = 

hnifc T^'-''{xq) e K and yU = limj; fik G M{T), ^k '■= ^ Y^^lo^ ^T^(xa) exist and b G supp(^). Let G be a 
Holder callibrated sub-action. For m > n wc have 

m— 1 



G(T"(xo)) + ^a(T"(xo),T"(xo)) > GiT^ixo)) + A{T^ {x^)) 



= G{T"'{xo)) [because /gK) =0] 

>G(r"(a;o)) + ^A(T"(:ro),T™(xo)). 
Then they are ah equahties and hence for any m > n 

m — 1 
j=n 

Since 

m-l 

O^Hni— 5A(r"(a;o),T™(xo)) =lim— V ^(rJ(xo)) = / Ad^, 
fc rife k Uk ^ J 

^ is a minimizing measure. By lemma \77l\ (fT|l . & £ A(74). 

Let F : K — )■ M be F{x) :— SAib,x). Then F is a Holder callibrated sub-action. By hypothesis 
If{xo) = and then 

F{r\xo)) = F(xo) + SA{xo,r'Hxo))- 
5a(6,T"M^o)) = SA{b,xo) + SA{xo,r"'ixQ))- 
By lemma mi (|4|) and Lemma FTTl ()6j) . taking the limit on k we have that 

^ SA{b,b) ^ SAib,xo) + SA{xo,b) ^ 0. 

> Sa{xo, Xq) > S'a(xo, b) + SA{b, Xq) = 

Therefore xq £ A{A). 

□ 

We want to show the following result which will require several preliminary results. 
Theorem 7.1. The set 

(32) 7^ := { A £ G"(]K, M) | M{A) = {/^}, A(yl) supp{fi) } 

contains a residual set in G"(]K, M). 

The proof of the bellow lemma ( Atkinson-Mane) can be found in [53] and [5] . 



Lemma 7.2. Let {X, 03, v) be a probability space, f an ergodic measure preserving map and F : X ^M. 
an integrable function. Given A G *8 with iy{A) > denote by A the set of points p £ A such that for all 
e > there exists an integer N > such that f^{p) & A and 



N-l . 

Y,F{f^{p))-N Fdv 

3=0 •' 



< e . 



Then i^{A) = i^{A). 

Corollary 7.3. // besides the hypothesis of lemma fTT^ X is a complete separable metric space, and *8 
is its Borel a -algebra, then for a.e. x £ X the following property holds: for all s > there exists N > 
such that d{f^ {x), x) < e and 



N-l 

Y,F{f={x))-N Fdiy 



< 



Proof. Given e > let be a countable basis of neighbourhoods with diameter < e and let Vn 

be associated to Vn as in lemma [7^ Then the full measure subset fl U Vn{ — ) satisfies the required 
property. □ 



Lemma 7.4. Let TZ be as in Theorem\7l\ Then if A e TZ, F e S{A) we have 

(1) If a, beA{A) then SA{a,b) + SA{h,a) = 0. 

(2) Ifa€ k{A) = suppifi) then F{x) = F{a) + S'^la, x) for all x eK. 
Proof. 

(HD. Let a, b £ A{A) = supp(yu). Since fi is ergodic, by Corollary 17.31 there are sequences S K, 
ruk € N such that lim^ = oo, limfc ak = a, lim/; d{T™'' (afc), a*;) = 0, 



J2 MT^ak)) > T, and writing 



fJ-k := 



3=0 



Since b G supp(/x) there are n^. < mj, such that lim^. T^^'ioik) ~ b. 

Let (Tk be the branch of the inverse of T"'' such that (Tfc(T"'= (afc)) — at- Let bk := cFk{b). Then 
r"^-(5fc) ^ b and 

d{bk,a) < d{bk,ak) + d{ak,a) 

< y"'d{b,r"'{ak)) + d{ak,a) 



We have that 



<d(6,T"H«fe)) + dK,a) ^0. 



Y^AiT^ib,))^ ^ A(T^-K)) 

3=0 3=0 



< 



\A\ 



1 - A" 



fi-d(r"'=K),6)". 



Sia,b) > lim sup ih)) 



3=0 



> hmsup J2 A{T^{au))-Qd{r'Hak),br- 



3=0 



Let Tfe be the branch of the inverse of T""'""'^ such that rfc(T'"'= (at)) = T"'=(Q;fc). Let Uk := 
Then T""'-'"' (ak) = a and 

d{b, ak) < d{b, T"-" (a,.)) + diT^" K), afc) 



Also 



rrifc-rifc— 1 mfc — 1 

J=0 j=nfc 



< 



1-A 



f^d(a,T™'=K))- 



S{a,b) >limsup J2 MT^ak)) 

>Umsup J2 A{T^{ak)-Qd{a,T^^{au)) 



3=nk 



Therefore 



> S{a,a) > S{a,b) + S{b,a) 



>hmsup A{T^{ak)) + \itnsnp ^ A{T^ {ak)) 

j=0 ^ j=nk 

r ik - 1 wtfc- 1 

> hmsup [ J2 MT'iak)) + J2 ^(^'K)) 



J=nk 



> hm sup — 

> 0. 

([2|) . We first prove that if for some xq G K and a £ A(^) we have 
(33) F{xo) = Fia) + SA{a,xo), 

then equation ((551) holds for every a € A{A). If 5 e A(A), using item [T] we have that 

F{xo)>F{b) + Sib,xo) 

> F{a) + SA{a,b) + SA{b, xo) 

> F{a) + SA{a, b) + SA{b, a) + ^^(a, Xq) 
= F{a) + 5^(0, Xo) 

= F(xo). 

Therefore F(xo) = F{b) + S{b,xo). 

It is enough to prove that given any xq G K there is a G A{A) such that the equality ([55)1 holds, since 
F is callibrated there are Xfe G IK and Uk G N such that T"'' (x^) = xq, 3 linifc Xk = a and for every fc G N, 

i^(xo) = i^(xfc) + ^ A(TJ(xfc)). 



Wc have that 



SA{a,xo) > limsup ^ A{T^{xk)) 
j=o 

= limsupi^(a;o) — F{xk) 
k 

= F{xo) - F{a) 
> S{a,XQ). 

Therefore cquahty ([55]) holds. 

It remains to prove that a £ A(A), i.e. that S'^(a, a) = 0. Wc can assume that the sequence is 
increasing. Let nik = fifc+i — rik- Then T'"'-' (x^+i) ~ Xk- Let ak be the branch of the inverse of T™*^ 
such that (Tk{xk) = Xk+i and 0^+1 crfc(a). We have that 



< 



1^11 



1 - A" 



J2 A(T^'(afc+i))- J2 ^(T^'K+i)) 
j=o j=o 

Since Xfc — >■ a we have that 

d{ak+i,a) < d{ak+i,Xk+i) +d{xk+i,a) 
< A""- d{xk,a) + d{xk+i,a) 



d{a,XkT. 



Therefore 



< d{xk,a) + d{xk+i,a) — > 0. 
> SA{a,a) > hmsup ^ A{T^ak+i)) 



> limsup A{T^Xk+i))^Q d{a,XkT 
= limsupi^(a;fe) - F{xk+i) - Q d{a,XkT 

k 

= 0. 



□ 



The above result (2) is true for F only continuous. 

Corollary 7.5. Let TZ be as in Theorem\T^ Then ifAeTZ,Fe S{A) we have 

(1) Ifx(^ A{A) then If{x) > 0. 

(2) Ifx(^ A(A) and T{x) G K{A) then Rf{x) > 0. 

Proof. 

(jT|) . By lemma FTH ([2]) modulo adding a constant there is only one Holder callibrated sub-action F in 
S{A). Then by proposition 17.11 A{A) = [Ip = 0]. Since Ip > 0, this proves item[TJ 
dlD. Since r(.T) € A(A) 

/f(x) = ^i?F(r"(x))=0. 

n>l 

Since x ^ A{A), by item [2] and proposition [711 A(^) = [/^ = 0]. Then 

/j.(x) = ^i?;^(r"(x))>0. 



Hence Rf{x) > 0. 



□ 



Lemma 7.6. 

(1) A 1-^ niA has Lipschitz constant 1. 

(2) Fix Xq G K. The set S{A) of a-Holder calibrated sub-actions F for A with F{xq) = is an 
equicontinuous family. In fact 

sup < oo. 

Fi£S{A) 

(3) The set S{A) of a-Holder continuous callibrated sub-actions is closed under the topology. 

(4) If#M{A) = 1, An ^ A uniformly, sup„ ||A„||^ < oo and F„ G S{A), 
then liin„ F^ = F uniformly. 

{b) A<B & mA = mB =^ Sa<Sb. 
(6) limsupN(S) C N(A), where 



linisupN(i3) = { limxn I a;„ S N(B„), i3„ A A, 31inia;„ | 



(7) If A en then 



lim dH(A(B),A(A)) = 0, 



where dn is the Hausdorff distance. 
(8) If A en with M{A) = {^i] and vb e M{B) then 



(9) If A en then 



Yiin^dH {supp{l'b) , supp{^Y) = 0- 



lim dH{M{B),MA)) ^ 0. 

B~^A 



If X, Y are two metric spaces and F : X — > 2^ = P(F) is a set valued function, define 

limsupF(a.) = f) fl U 

"^^""^ e>0 <5>0 d(K,2;o)<<5 

lim^inf F(x) = n U n 

° e>0 i5<0 d{x,xo)<S 

where 

K(C)= U{^Gy |d(z,y)<e}. 

Proo/. 

dH). We have that A < B + \\A - B\\q, then 

j Adn< j B dix+\\A- B\\^, VneM{T), 

Ad^l< sup B d^+ \\A - B\\g = tub + \\A - B|[g , 

J ii£M{T)J 

niA <TOB + P-B||o- 

Similarly tob < + ||^ — B\\q and then jmyi — msj < — ^Hq- 
See also [20] and [S] for a proof. 

([2]). Let e > and < A < 1 be such that for any x e K there is an inverse branch r of T which is 
defined on the ball B{T{x),e) := { z G IK | d{z, T{x)) < e }, has Lipschitz constant A and t{T{x)) = x. 
Let F G S{A). Let 

\Fix)-F(y)\ „ \A(x)-A(y)\ 



be Holder constants for F and A. Given x, y E K. with d{x, y) < £ let Ti, i = 1, ... , m{x) < M he the 
inverse branches for T about x and let Xi ~ Ti{x), yi = Ti{y). We have that 

F{x,) + A{x,) < F{yi) + A{yi) + [K + a) A" d{x, y)", 
max [F{x,) + A{xi) - tua] < max [F{y,) + A{y^) ~ ttia] + (K + a) A" d(a;, y)", 
F{x) < F{y) + {K + a) A" 
Then < A" (||F||„ + and hence 

(34) ||F|U<^^^ \\A\\^. 

This implies the equicontinuity of S{A). 

The proof of the above result could be also get if we just assume that F is continuous. 
([3|). It is easy to see that uniform limit of callibrated sub-actions is a sub-action, and it is callibrated 
because the number of inverse brancehs of T is finite, i.e. sup^^gg < oo. By ([2]) all C" callibrated 

sub-actions have a common Holder constant, the uniform limits of them have the same Holder constant, 
(g]). The family {-F„} satisfies Fnixg) = and by inequality 

A" 

ll^"IL < (T^A^ sup||A„t <oo. 

Hence {Fn} is equicontinuous. By Arzela-Ascoli theorem it is enough to prove that there is a unique 
F{x) = SaIxotX) which is the limit of any convergent subsequence of {Fn}. Since sup ||A„||^ < oo, by 
inequality (|34|, any such hmit is a-Holder. Since by lemma [731 © , S{A) n [F{xq) = 0] = {F{x) 
Sa^xq, x)}, it is enough to prove that any limit of a subsequence of {-Fn} is a calibrated sub-action. But 
this follows form the continuity oi A i-^ ttia , the equality 

Fnix) = max F„(j/) 4- An{y) - uia^ 

T[v)=x 



and the fact sup#(T "'^{a;}) < oo. 

(j5|) . The proof follows from the expression 

ri-l 



5'a(x,?/) := lim sup|^ [yl(r(z))-m^] n G N, r"(z) d(z, x) < e} 

([6]) . Let Xn G Bn — > j4 be such that x„ xq. Let F„ G 5(^1) be such that Ip^{xn) = 0. Adding 
a constant we can assume that F„(a;o) = for all n. By ([2]), taking a subsequence we can assume 
that 3F = lim„ F„ in the C° topology. Then F is a C" callibrated sub-action for A. Also i?;-^^ Rp 
uniformly and there is a common Holder constant C for all the Rp^ . We have that 

\Rp^{T\xn))~RF{T\xo))\ < 

\Rp,STHxn)) - i?F„(r'=(xo))| + \Rp,StHxo)) - Rp{T\xo))\ 

< C d{T''{xn),T''{xo)r + \\Rf„ - RfW ^ 

Since for all ?i, k, Rp^{T''{x„)) = 0, we have that Rp{T''{xq)) = for any k. Hence Ip{xo) = and then 
xq G N{A). 

(j7|) . By Lemma [7.41 there is only one callibrated sub- action modulo adding a constant. Then by 
Proposition ITtI A{A) = N{A). Then by © limsup^^^ A(_B) C A{A). It is enough to prove that for 
any xq G A(^) and Bn — > A, there is x„ G A(i?„) such that lim„ a;„ = xq- Let fin G Ai{Bn). Then 
lim„ yLtn = in the weak* topology. Given xq G A{A) = supp(/i) we have that 

Ve > 37V = N{e) > \/n>N: iin{B{xQ, e)) > 0. 



Wc can assume that for all m G N, iV(^) < N{j^). For iV(^) <n< iV(;^) choose .t„ G supp(^„) n 
B{xo, :^). Then x„ £ A(i?„) and lini„ 2;„ = xq. . 

dl]). For any B e T Wc have that 

supp(i'i3) C A{B) C 

By item [71 

limsupsupp(t/B) C A(j4) ~ supp(/i). 

It remains to prove that 

liminf supp(i's) D supp(/i). 

B~>A 

But this follows from the convergence lims^A i'b = fJ' in the weak* topology. 

dlD. Write M{A) ^ {^}. By items d?]) and ^ we have that 

limsupM(B) C limsupA(B) C A{B), 

B^A B^A 



MA) = supp(/i) C liminf M(S). 



□ 



Proof of Theorem 17. IL 

The set 

V:={A eF\#M{A) = 1} 

is dense (c.f. [S])- We first prove that V CTZ, and hence that TZ is dense. 

Given A € V with M{A) = {^} and e > 0, let V G be such that WipW^ + HV'H^ < e ip < 0, 
[i/j = 0] = supp(/i). It is easy to see that M{A + ^p) = {^} = M{A). Let xq ^ supp(^). Given 6 > 0, 
write 

n-l 

Sa{xo,xo;S) :=sup| '^A{T'^{xn)) \ T"(a::„) = xq, d{xn,xo) < ^j. 

fe=0 

If T"(a;„) = is such that xq) < S then 

?i— 1 n— 1 

^(A + V')(r'=(x„)) < 5^(xo,a;o; 5) + ^ ^(T'=(x„)) 

fc=0 fe=0 

< Sa{xo,xo;S) + il;{xn)- 

Taking limsup^_j.Q, 

Sa+-4,{xo,xq) < Sa{xo,xo) + ipixo) < ip{xo) < 0. 
Hence xq ^ A{A + ip). Since by lemma [TTTi p^. supp(/i) C A{A + tp), then A{A + iJj) = supp(/i) and hence 
A + tJj en. 
Let 

U{e) { A G J" I rfH(A(A),M(A)) < e}. 

From the triangle inequality 

dHiA{B)M{B)) < dHiA{B),A{A)) + (A(A), M{B)) 
and items ([7|) and ([9]) of lemma FTHl we obtain that U{e) contains a neighbourhood of P. Then the set 

contains a residual set. 

□ 



8. Duality. 



In this section we have to consider properties for A* which depends of the initial potential A. This is 
a main step in the reasoning of the main section 6. 

We will consider now the specific example described before. Wc point out that the results presented 
bellow should hold in general for natural extensions. 

We will assume that T and a are topologically mixing. 

So wc take, K = [0, 1], T(x) = 2x mod 1, E = n„gN{0, 1 }, cr : E the shift map a{x)n — Xn+i and 
T:IKxE^KxE, 

T{x,u) = (r(.T),T,H) , T-\x,uj) = {T^{x),a{uj)) 



v{x) 



xe[Q,\l 

\ a:G[i,l]. 
Given A e T define iKxIKxcr^Mas 

^A{x,y,uj) ■■= ^A(r„,„(a;)) ~ A{Tn,u{y)) 

n>0 

where 

Fix X e K and w G E. 

Define the involution W -kernel as Wa : IK x E — > M, Wa{x,uj) = Aa{x,x,uj). Writing A := A o tti : 
K X E — ?• M, wc have that 

W{x,uj) = ^ A(T""(a;,w)) - A(T-"(^,w)) 

n>0 

Define the dual function A* : E ^> M as 

A*{uj) := (WaoT-^ - Wa + Ao7:i){x,uj). 

Define a metric on E by 

d{uj, I/) := A^, TV min{ k eN\u}k ^ i^k} 

Then A is a Lipschitz constant for both t^, and and also for T||2.jx5] and T |kx{lj} 
Write J" := C"(K,R) and T* := C"(E,R). Let B and B* be the set of coboundaries 

B: = {uoT-u\u£ C"(]K,R)}, 
B* ■. = {uoa~u\ue C"(E,R)}. 



Define 



Lemma 8.1. 

(1) zeS ^ zgC"(]K,]R) & yfieM{T) Jzdn = Q. 

(2) The linear subspace B C C"(IK, R) is closed. 

(3) The function 



[z + B]^ = inf [z + b]^ 



is a norm in J-/B. 



Proof. 

dlD. This foUowfQfrom [S], Theorem 1.28 (n) (in). 



-'^ Theorem 1.28 of R. Bowen [5] asks for T to be topologically mixing. 



dSl). We prove that the complement is open. If z 6 C"(K,R) \ B, by item there is e M{T) 
such that J zdfi^O. If u S C"(K,R) is such that 



z 



then J udfi and hence u ^ B. 
dni). This follows from item 1^. 



Lemma 8.2. 

(1) If A is C" then A* is C". 

(2) The linear map L : C"(K,R) C"(S],]R) given by L{A) = A* is continuous. 

(3) SckerL. 

(4) The induced linear map L : J- /B T* jB* is continuous. 

(5) Fix one w 6 S. Similarly the corresponding linear map L* : J-* — >■ J- , given by 



□ 



L*(V') = o T - VK^ + V o 7r2 

= ^*(T"(x,u;))-vl/(T"(rx,a;)) 



n>0 



= *(x,cJ) + ^ *(T"(Tx,T,cJ)) - *(T"(rx,w)), 



ri>0 

wii/i ^' = V' ° ■"'2; continuous and induces a continuous linear map 

L* : T*IB* TIB, which is the inverse of L : T/B T*/B*. 

Proof. 

dlD and (HD. We have that 



A*{u;) = ^ A(T-"(5;,cj)) - A(T-"(x,crw)) 

n>0 

= A(x) + J2 A(T""(t„ x,auj)) - A(T-"(x, cr w)) 

n>0 

Since (i(T~"(T<^ x, ct w), T-"(!c, cr cj)) < A" d(r^ x, x) < A" and ||A||^ = HAottiH^ = \\A\\^, we have that 

||A*||„<P||„ + i^. 

Also if m := min{ k > 0\wk ^ Vk} 

A*{uj)-A*{iy)= A(T-"(r^x,aa;)) - A(T-"(!c,(Tu;)) 

n>m— 1 

- Yj A(T-"(r^x,ai/)) - A(T-"(x,a;/)) 

n > 771 — 1 

" - A"(l - A")' 

dH]). If u e 7^ and U := u o tti from the formula for L (in the proof of item [Tj) we have that 

L{uoT-u)^ lJ{T{x, uj)) - U(T(x, auj)) 
= uiTx) — u(Tx) — 0. 

(g]). Item (g]) foUors form items (H)) and 



©. We only prove that for any AeF, L*{L{A)) e A + B. Write 
L*{L{A)) = {WX, oT-WX> 

= {WX> o T - WX. + Wao T-^ - Wa) + A 

Write 

(35) B --WX* oT -WX. +WaoT-'^ -Wa- 

Since A,L*{L{A)) e T = C°'{K,R), then B e C"(IK,R). 

Following Bowen, given any /i G A4{T) we construct an associated measure ly G A^(T). Given z G 
C"(K X S,R) define z» e C"(K,R) as z^x) := We have that 

II (z o T"f o T" - (z o T"+™)«|p < var„z 0, 

where 

var„z sup{ \z{a) - z{b)\ \3x eK, a,b E T"{{x} x S) } 
< sup{ |z(a) - z(b)\ I rfKxE(a, &) < A" } ^ 0, 
rfKxS = c?K o (7ri,7ri) + o (712, 7r2). 

Then 

|/i((z o T")«) - ° T"+™)« I = |/i((z o T")« o T™) - ^((z o T"+")« | < var„z. 
Therefore /i((z o T")" ) is a Cauchy sequence in M and hence the limit 

iy{z) lim^(((zoT")«) 

n 

exists. By the Riesz representation theorem v defines a Borel probability measure in IK x E, and it is 
invariant because 

iy{z oT) =lim/i((zoT"+i)») = 

n 

Now let B := L*{L{A)) — A and B := B o tti. By formula ([35]) we have that B is a coboundary in 
K X S. Since tti o T" = T" we have that 

= i^(B) = lim//((BoT")«) 

n 

= lim/i(Sor") 

n 

-MS)- 

Since this holds for every /i G Al(r), by lemma l8.1l (fT|). B <E B and then 
(i+ oi)(A + 6) c A + 

□ 



Theorem 8.1. 

There is a residual subset Q C C"(]K, K) such that if A £ Q and A* = L{A) then 

M{A) = {fi} , A{A) = suppi^i), 
^ ' MiA*) = {fi*}, A{A*) = suppi^j.*). 

In particular 

Ia{x) > if X <^ supp{ii), 
lAiijj) > if uj ^ supp{fi*). 

and 

RAix) > if X ^ supp{^) and T{x) G supp{fi)^ 
i?^(a;) > if lo ^ supp(fi*) and cr(w) G supp{fi). 



Proof. Observe that the subset TZ defined in ((5^ in theorem 17.11 is invariant under translations by 
coboundaries, i.e. TZ = TZ + B. Indeed if S = u o T — 7i e B, we have that 

J {A + B)di^L = J Adfi, ^i^LeB, 

SA+B{x,y) = SA{x,y) + B{x) - B{y), \/x,y G K. 

Then the Aubry set and the set of minimizing measures are unchanged: 
M{A + B)^M{A), K{A + B) = K{A). 
For the dynamical system (S, a) let 

TV = {i!^ C"(S,M) I M{i!) = A(V^) = supp(!/) } 

By theorem 17.11 the subset TZ* contains a residual set in F* = C"(S,M) and it is invariant under 
translations by coboundaries: TZ* = TZ* + B* 

By lemma [5^ the linear map L : J-/B — > J-*/B* is a homeomorphism with inverse L*. Then the set 
Q:=TZn L~^{TZ*) =TZn {L*{TZ*) + B) contains a residual subset and satisfies (|36l) . 

By Corollary 17.51 the other properties are automatically satisfied. 

□ 

From this last theorem it follows our main result about the generic analytic by adapting the proof 
and taking T = /, where / is the transformation defined in section 2. 

9. The optimal solution when the maximizing probability is not a periodic orbit 

We are going to analyze now the variation of the optimal point when the support of the maximizing 
probability is not necessarily a periodic orbit. What can be said in the general case? 
Consider the subaction defined by, 

V{x) = sup{H^{w,x)- I*iw)) 

Mies 

Remember that as /* is lower semicontinuous and Hoc = W — V* is continuous, then for each fixed 
X, the supremum of Hoo{w, x) — I{w) in the variable w is achieved, and we denote (one of such w) it by 
Wx- In this case we say Wx is an optimal point for x. 

We want to show that Wx is unique for the generic x 

Define the multi-valuated function [/ : [0, 1] — > S given by: 

U{x)^{wx\x£[0,l]} 

As graph{U) is closed in each fiber, and S is compact we can define: 

u'^ (x) — max.U{x), and (x) — mmU{x). 

Since the potential A is twist we know that J7 is a monotone not-increasing multi-valuated function, 
that is, 

u~{x) > u'^{x + S), 

when X < X + S. In particular are monotone not-increasing single-valuated functions. 

I, 

u+(x) f 

u-(x) j, 

u+{x + 8) • 

u-(x + 8) , 



X x+5 

The graph of U 



We claim that is left continuous. In order to conclude that, take a sequence x„ ^> x on the left 
side. Consider, the sequence u^{xn) G S, so its set of accumulation points is contained in U{x). Indeed, 
suppose liminf m+(x„) — > w G S. In one hand, we have, V(x„) = iJoo(M+(a:„), a;„) — /*(u+(x„)). Taking 
limits on this equation and using the continuity of V and H^o and the lower semicontinuity of /* we get, 

V{x)<H^{w,x)- I*{w). 

Because liminf (x„)) > I*{'w). So w G U{x). On the other hand, is monotone not-increasing, 
so u^{xn) > u^{x). From the previous we get 



that is. 



limsupw~''(x„) > {x) > w = liminf 



lini u^{xn) ^ u^{x). 



Now consider a sequence a;„ — )■ x on the right side. Take, the sequence M+(a;„) G E, so its set 
of accumulation points is not necessarily contained in U{x). However it is the case. Let Xn^ be a 
subsequence such that, u+(a;„^) — > w. 

We know that V{xn^) = Hoo{u^ {xny.) , Xn^) — /*(m^(x„^)). Taking limits on this equation and using 
the uniform continuity of V and Hao we get 

r(il;) < liminf r(u+(x„ J) = 

A;— J-cxD 

= liminf i?oo(w'''(a;„J>^nJ - y{xn^)^iira{w,x)- V[x). 
In other words, V{x) < Hoo{w,x) — I*{w), that is, w G U(x). So 

d(ti+(x„)) ^ Uix). 

Since u'^ is monotone not-increasing, u'^{xn) < u^{x), thus 

lim sup (.T„ ) < u'^{x), 

that is, is right upper-semicontinuous. 

It is known that for any USC function defined in a complete metric space the set of points of continuity 
is generic. 

Therefore, we get that: 

Theorem 9.1. For a generic x we have that U{x) = {u^ {^x) = (x)} and is unique. 



u+(x) 
u-(x) 
u+(x + 6) 



■ u+(x)-u-{x) 



X x+8 



1 X 



The graph of ii+ 



Proof. Indeed, suppose that there is a point in the set of continuity of u'^{x) such that, u~^{x) > u {x) 
so the monotonicity of U implies that 

it^(x) > u~ {x) > u'^{x + 6), 



for all 5 > 0. Contradicting the continuity. 



□ 



References 



[1] A. Baraviera, A. O. Lopes and P. ThieuUen, A large deviation principle for equilibrium states of Holder potencials: 

the zero temperature case, Stochastics and Dynamics 6 (2006), 77-96. 
[2] P. Bhattacharya and M. Majumdar, Random Dynamical Systems. Cambridge Univ. Press, 2007. 

[3] T. Bousch, Le poisson n'a pas d'aretes. Annates de I'Institut Henri Poincare, Probabilites et Statistiques, 36 (2000), 
489-508. 

[4] T. Bousch and O. Jenkinson, Cohomology classes of dynamically non-negative functions. Invent. Math. 148, no. 1 
(2002), 207-217. 

[5] R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms. Lecture Notes in Math, 470, (1975) 
[6] X. Bressaud and A. Quas, Rate of approximation of minimizing measures, Nonlinearity 20 no. 4, (2007), 845-853. 
[7] J. R. Chazottes, M. Hochman, On the zero-temperature limit of Gibbs states, preprint, 2009. 
[8] G Contreras and R. Iturriaga. Global Minimizers of Autonomous Lagrangians, 2004, To appear. 

[9] G. Contreras, A. O. Lopes and Ph. ThieuUen, Lyapunov minimizing measures for expanding maps of the circle, Ergodic 
Theory and Dynamical Systems 21 (2001), 1379-1409. 
[10] J. P. Conze and Y. Guivarc'h, Croissance des sommes ergodiques et principe variationnel, manuscript circa 1993. 
[11] A. Dembo and O. Zeitouni, Large Deviation Techniques and Applications, Springer Verlag, (1998). 
[12] A. Fathi. Weak KAM Theorem and Lagrangian Dynamics, (2004), To appear. 
[13] C. Cole, Symplectic Twist Maps, World Scientific, (2001) 

[14] E. Garibaldi and A. O. Lopes, Functions for relative maximization. Dynamical Systems 22, (2007), 511-528. 
[15] E. Garibaldi and A. O. Lopes, On the Aubry-Mather Theory for Symbolic Dynamics, Erg Theo and Dyn Systems, Vol 
28 , Issue 3, 791-815 (2008) 

[16] E. Garibaldi, A. O. Lopes and Ph. ThieuUen , On calibrated and separating sub-actions. Bull. Braz. Math. Soc, Vol 
40 (4), 577-602, (2009) 

[17] D. A. Gomes, A. O. Lopes and J. Mohr. The Mather measure and a Large Deviation Principle for the Entropy Penalized 

Method, To appear in Comm. in Contemp. Math. 
[18] G. Gui, Y. Jiang and A. Quas, Scaling functions, Gibbs measures, and Tcichmiillcr spaces of circle endomorphisms. 

Discrete Contin. Dynam. Systems 5, (1999), no. 3, pp 535-552. 
[19] B. R. Hunt and G. C. Yuan, Optimal orbits of hyperbolic systems. Nonlinearity 12, (1999), 1207-1224. 
[20] O. Jenkinson, Ergodic optimization. Discrete and Continuous Dynamical Systems, Series A 15 (2006), 197-224. 
[21] O. Jenkinson and J. Steel, Majorization of invariant measures for orientation-reversing maps. Erg. Theo. and Dyn. 

Syst. (2009). 

[22] R. Leplaideur, A dynamical proof for the convergence of Gibbs measures at temperature zero. Nonlinearity 18, no. 6, 
(2005), 2847-2880. 

[23] A. O. Lopes, J. Mohr, R. R. Souza and P. ThieuUen, Negative Entropy, Zero temperature and stationary Markov chains 

on the interval. Bull. Soc. Bras. Math. Vol 40 n 1, (2009), 1-52. 
[24] A. O. Lopes, E. R. Oliveira and P. ThieuUen, The dual potential, the involution kernel and transport in ergodic 

optimization, preprint (2008) 

[25] R. Mario, Generic properties and problems of minimizing measures of Lagrangian systems, Nonlinearity, 9 (1996), 
273-310,. 

[26] M. Martens and W. Mclo, The multipliers of periodic points in one-dimensional dynamics, Nonlinearity 12, (1999), 
pp 217-227. 

[27] J. Mather. Action minimizing invariant measures for positive definite Lagrangian systems. Math. Z., N 2, 169-207, 
1991. 

[28] I. D. Morris, A sufficient condition for the subordination principle in ergodic optimization. Bull. Lond. Math. Soc. 39, 
no. 2, (2007), 214-220. 

[29] A. A. Pinto and D. Rand, Existence, uniqueness and ratio decomposition for Gibbs states via duality. Ergodic Theory 

Dynam. Systems 21, (2001), no. 2, 533-543. 
[30] M. Shub and D. Sullivan, Expanding endomorphisms of the circle revisited. Ergodic Theory Dynam. Systems 5, (1985), 

no. 2, 285-289. 

[31] F. A. Tal and S. A. Zanata, Maximizing measures for endomorphisms of the circle, Nonlinearity 21, (2008) 



